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Abstract 

We consider dimensional reduction of the eleven-dimensional supergravity 
to less than four dimensions. The three-dimensional E^ + ^/SO(16) nonlinear 
sigma model is derived by direct dimensional reduction from eleven dimensions. 
In two dimensions we explicitly check that the Matzner-Misner-type SL(2, R) 
symmetry, together with the E&, satisfies the generating relations of Eg under 
the generalized Geroch compatibility (hypersurface-orthogonality) condition. 
We further show that an extra SL(2,M) symmetry, which is newly present 
upon reduction to one dimension, extends the symmetry algebra to a real form 
of Eiq. The new SL(2,M) acts on certain plane wave solutions propagating at 
the speed of light. To show that this SL(2,M.) cannot be expressed in terms 
of the old Eg but truly enlarges the symmetry, we compactify the final two 
dimensions on a two-torus and confirm that it changes the conformal structure 
of this two-torus. 
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1 Introduction 



It is now widely believed that there exists a fundamental eleven-dimensional quantum 
theory which incorporates all five superstring theories. Various duality symmetries of 
compactified superstrings [jlj, @, || are discrete subgroups of "hidden symmetries" of 
their effective supergravity theories. An interesting picture is that there is some huge 
discrete symmetry of the most symmetric vacuum of M theory, and other dualities 
arise according to the variety of symmetry breaking. This fundamental symmetry 
would then include all known duality groups as subgroups. 

The eleven-dimensional supergravity M possesses (continuous) -EV(+7) global (with 
SU(8) local) symmetry || when it is compactified to four dimensions on a seven torus 
T 7 . Its discrete subgroup £V(+7)(Z) is known as U-duality of the compactified typell 
superstring ||. Below four dimensions the eleven-dimensional supergravity exhibits 
Eg and E 9 in three and two dimensions [|, [7|, || || [K| with the compactification 
spaces being T 8 and T 9 , respectively. One is then curious about what happens if 
one further goes to one dimension. In 1982 Julia conjectured that the symmetry 
group will be enlarged to E w fll |, whose Lie algebra belongs to a certain class of 
Kac- Moody algebra, "hyperbolic Kac-Moody algebra". This paper is an attempt to 
answer to this question. 

The hyperbolic Kac-Moody algebra E w is defined by the Cartan matrix 

2 -1 
-1 2 -1 
-1 2 -1 
-1 2 -1 
-1 2 -1 
-1 2 -1 

-1 2 -1 -1 
-1 2 -1 
-1 2 
-1 2 

whose Dynkin diagram is shown in Figjl]. In general one can define a Kac-Moody 
algebra associated with any N x N Cartan matrix Kij that satisfies (i) K„ = 2, (ii) 
Kij 7^ j) 1S non-positive integer and (iii) if = then Kji = 0. Given such a 
matrix K^, the algebra is defined as arbitrary number of multiple commutators with 
the relations 



Ke 



[hi, fj] = -Kijfj, [e h fj] = Sijhj, [hi, hj] = 



;i.2) 



1 



Figure 1: Dynkin diagram of Eiq. 
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(i, j — 1, . . . , iV) and the Serre relations [12 



(ade,) 1 "^- = 0, (ad/,) 1 K f, (I. (1.3) 

The set of generators e*, /j, hi (i = 1, . . . , N) are called the Chevalley generators. A 
Kac-Moody algebra is said hyperbolic if a removal of any vertices from its Dynkin 
diagram leaves diagrams of either finite-dimensional simple Lie algebras, affine Kac- 
Moody algebras or their direct sum. A well-known intriguing feature of hyperbolic 
Kac-Moody algebras, in particular in relation to supergravity and string theory, is 
that hyperbolic Kac-Moody algebras can exist only up to rank = 10. Eiq is one of 



three hyperbolic Kac-Moody algebras with the possible highest rank (See [13[] for a 



review.). One is tempted to suspect |TTJ that this restriction might be linked in some 
way to the fact that the allowed highest dimensions for supergravity is eleven. 

Toward the proof of the Eiq symmetry, an important progress was brought about 
in 1991 by Nicolai, who pointed out a special feature of dimensional reduction to one 
dimension []15 |. He showed in D = 4, N = 1 supergravity that one must take a null 



Killing vector at the stage of the reduction from two to one dimension if one wants to 
keep the duality relations non-trivial. After this novel type of reduction [], he wrote 
out for the first time the set of the action of the Chevalley generators on the fields of 
the SX(2,R) symmetry which newly emerged in one dimension, confirming that this 
together with the Lie algebra of the Geroch group generates the hyperbolic "SX(2, R) 
double-hat" algebra. 

What was subtle in his argument was the independence of the new SL(2, R). Sup- 
pose that one starts with a conformal-gauge two-metric (i.e. a zweibein proportional 
to the identity) as in ref.[[HJ by invoking the degrees of freedom of diffeomorphisms. 



Introducing a constant Killing vector then leads it to a flat metric, which is essen- 



1 See [n6| for other aspects of null reduction. 
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tially unique on a plane 0. Hence the new SL(2,M.) can do nothing more than the 
old Geroch group can on the two-metric because a global scale transformation can be 
realized by the central charge of the Geroch group [| For this reason, although the Eg 
symmetry has been known for some time, the straightforward-looking generalization 
to E 10 has never been accomplished. 

In this paper, to achieve the non-trivial realization of "Nicolai's SL(2,M)" , we 
parameterize the two-metric by Lorentzian analogue of Beltrami differentials and 
wrap the final two dimensions on a two-torus. In fact, even when a non-conformally- 
flat metric has been chosen, it necessarily becomes flat again once a constant null 
Killing vector is introduced. The escape in our case is that the new SL(2,M.) can 
act on the conformal structure of the two-torus. One may view these solutions as 
certain plane wave solutions propagating at the speed of light. We will show that 
the new SL(2, M.) does cause a change of a "Beltrami differential" of the Lorentzian 
metric that cannot be absorbed by any diffeomorphisms. 

Another issue in establishing the E w symmetry is how the fields of the eleven- 
dimensional supergravity parameterize the symmetric space EW+g)/ SO(16) after the 
reduction to three dimensions. Although the three-dimensional locally supersymmet- 
ric E 8 ( +8 )/ SO(16) nonlinear sigma model is well-known ||, the direct construction 
from eleven dimensions by dimensional reduction seems to have never appeared in 
print. Of course one could also start from E 7 ( +7 )/SU (8) in four dimensions 0, but the 
way i?7( + 7)/ST/(8) is embedded into E S (+8)/SO(16) is a bit complicated. In this paper 
we obtain the E 8 ^ +8 ^/ SO(16) nonlinear sigma model by direct dimensional reduction 
from eleven to three dimensions. We use Freudenthal's classical realization of E$ 



| IT], ^j. It turns out that this realization clearly reflects the (bosonic) field content in 

three dimensions after duality transformations, showing how the eleven-dimensional 

fields fit into the E 8 (+s)/ SO (16) scalar manifold. 

Our strategy for the construction of E w is as follows. We proceed step by step. We 

first read off the set of transformations that correspond to the Chevalley generators 

of £?8(+8) m the E 8 (+s)/SO(16) sigma model. Next we reduce the dimension to two, 

2 In other words, "conformal gauge" is not just a gauge choice any more once if the Killing vector 
is fixed. 

3 One cannot exclude the possibility that it might act non-trivially on other fields than the two- 
metric, so that it might really enlarge the symmetry. We will seek another possibility in the following, 
however. 

4 The idea of the possibility was suggested by H.Nicolai (private communication). 
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write out the Chevalley generators of the extra SL(2, M.) in two dimensions, and 
confirm that this SL(2,M.) has correct commutation relations with the Eg so that 
the symmetry is extended to Eg. Finally we reduce one more dimension, find the 
new SL(2, M) transformation, and check that it successfully enlarges the symmetry 
algebra to E w 5 . 

This paper is organized as follows. In sect. 2 we derive the E 8 ( +8 )/ SO (16) non- 
linear sigma model by dimensional reduction from eleven dimensions and read off 
the transformations corresponding to the Chevalley generators. In sect. 3 we deal 
with the reduced two-dimensional model and check that the symmetry is enlarged to 
Eg. In sect. 4 we reduce the dimension to one and show that the symmetry is E\o. 
The non-triviality of Nicolai's SL(2,M.) is also proved. Finally we give conclusions in 
sect. 5. 



2 Eg in three dimensions 

2.1 Eg/ SO (16) nonlinear sigma model from the eleven- di- 
mensional supergravity 

We start with dimensional reduction of the eleven-dimensional supergravity || to 
three dimensions. The bosonic Lagrangian with all fermionic fields set to zero is 



C = E^ 



E>(H) If? p'^vpa 

11 Yi v v P a 



I f MlM2M3M4M5M6M7M8M9Ml0Mll E\ „ _ „ P. „ _ . A _ . . ( 9 1 \ 

M1M2M3M4 /i5M6/*7M8 /-*9/^10/*ll' V^ -J -/ 

fi, v, . . . are the eleven-dimensional spacetime indices. Decomposing into uncom- 
pactified coordinates x M = t,x, y and compactified coordinates x\ i = 1, ... ,8 and 
dropping the af-dependence, we get the three-dimensional Lagrangian 



L = E^ 



R (3) _ G (3)/^ ln edv lne+ ^G^d^d^ 



5 Note that if the relations ( |1.2| ) and (1.3) are regarded as those of a real Lie algebra, with Kij 
defined by ( 2.43] ), they define a real form i?s(+8) of the complex Lie algebra Eg. (The number 



+8 in parenthesis denotes the difference between the numbers of positive and negative generators 
in the invariant bilinear form.) For any simple Lie algebra Xjy, the real Lie algebra defined in 
this way is always X N ( +N ^, since positive and negative roots can be paired either symmetrically or 
anti-symmetrically, giving the same number of generators with opposite signs. This leaves N excess 
coming from the Cartan subalgebra. In that sense the symmetries should be called -EW+g) and 
-^io(+io)i respectively, although both are infinite-dimensional. They are called 'normal' (or 'split') 
real forms. 



4 



-± G Ww G W>>* e 2 gijB i u/B J ir _ ± G ^g il gi™g kn d„A ijk d u A lmn 

-i^^ir^ + B^A ijk )(F' palm + s^ mn ) 

1 2 

i _ e iivp ijklmnpqt pi \ _U r A ■ ■ \r) A, , A 



(2.2) 



where 



B k A ijk , 



(2.3) 

^ = 2«V^. (2.4) 
B 1 is the Kaluza-Klein vector fields associated with the decomposition of the elfbein 



E 



The local Lorentz flat metric is 



e.-° 



„(3) 



Job 



(2.5) 



(2.6) 



where the eleven-dimensional Lorentz indices a are also decomposed into a = 0, ... ,3 
and a = 1, . . . , 8 similarly. 77® has signature (— ++). A'^ is an invariant combination 
under Kaluza-Klein gauge transformations. 

The degrees of freedom of vector fields in three dimensions can be traded by those 
of scalar fields by duality transformations. To see this, a usual trick is to introduce 
the following Lagrange multiplier terms 



1 



Up to complete squares of F' ■■ and B l , we find 

£ ^Lag.mul. 

= 



(2.7) 



R (3) + G ( 3) ^ ( l -d^d v9lJ - In ed v In e - ^g il g jm g kn d^A ijk d v A lmn 



_ p 2 /o ij ^_ ijpiqinsitiuia A A \ 



. (f) m kl ^_Mp 2 q2r 2 S2t2U 2 a A A \ 

36 u U r ^p2q2T2 r ^-S2t2U2 ) 

l -e- 2 g^{d^ + d^A iklh ip klh - A iklh d^ h 

_j 1 mi?iipi(jirisiti«i /t o 4 a \ 

1 J ^-imini u p^ i -piqiri^ i -sitiui ) 



(d,,^ + d v A jk2hV k ^ - A lk2l2 d uV k2h 

1 _}_ m 2 n2P2q2r2S2t2U2 A fj A 



54 



P2<?2'*2 ^52*2^2) 



(2.8) 
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where the degrees of freedom of 28 + 8 three-dimensional vectors A' •„■ and B). are 
replaced by those of the scalars ^ and fy. Duality relations are 

pi^uio = - E ^e- 2 e^(d p ^ - ^ klmnpq d p A klm A npq ) (2.9) 

with F% = F'^- + B^^, and 

B r = -E^e'h^id^k- A kij d p cp» +^d p A kij 

1 

+ P9 Aij k d p Ai mn Apq r ). (2.10) 

The derivation of (|2.8|) is standard. 

We will now show how this nonlinear sigma model fits into the symmetric space 
-E , 8(+8)/5'0(16). We first observe that if all the fields originating from A p p p are turned 
off, the remaining scalars describe SL(9, M)/SO(9). This can be seen as follows. The 
sigma-model part of the Lagrangian (|2.8|) is then simply given by 



E (3) G (3)r (l d ^ 9vg .. _ ^ i n e ^ hie _ l e y^A^) . (2.11) 

We parameterize the coset SL{9, M.)/SO(9) in terms of a nine-by-nine symmetric 
matrix M = VV T with, taking e" 1 to be upper-triangular, 



V* a 



ef -e 1 ip i 
e- 1 



(2.12) 



Here we introduced the extended curved and flat indices i' = i, 9 and a' = a, 9 in a 
similar way to || where the SL(7, M.) is enlarged to the SL(8, M). The form of VV T 
ensures that the orthogonal group factor is gauged out. One may then easily see that 
Q2.11p can be written 



-E®G®i"'Trd lt M- 1 d v M. (2.13) 

This is an example of a general rule that (i-dimensional pure gravity exhibits SL(d — 
2,M)/SO(d — 2) symmetry when it is reduced to three dimensions |J. Another (the 
oldest) example is "Ehlers' SL(2, R)" |Tj| |[| known for a long time in general relativity. 

As a complex Lie algebra, SL(9, C) can be extended to E 8 by adding two third- 
rank antisymmetric tensors |]T7|]. Let V be the space of third-rank antisymmetric 
tensor representation of SL(9, C), and V* be the dual space of V, E$ is decomposed 
as SX(9,C)ffiV © V*. Their dimensions are 248 = 80 © 84 ©84. E 8 can be defined 
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by the following commutation relations (Lie brackets): 



\Y vl Y k 'v i' Y i'v k ' 

l/M 1 \i> — ^i' 1 k' ~ ^k> X V i 

[X, v]i>j'k' = Xj vi>j'k' + X-} Vi>i>k' + Xy Vi>j>i>, 

[X, v*Y>' k ' = -(X/v* l 'i' k ' + x/v M ' + Xfv*'*' 1 '), 

[v, wf' j ' k ' 



1 



J'j'k'p'q'r'l'm'n', 
e Vp'q'r'Wi'm'n', 



36^3 

[„,* „,,*1 ' , „,*p'q'r',,*l'm'n' 

[V , W \i'j' k ' — ^^ ei'j'k'p'q'r'l'm'n'V r W , 

[v, w*}/ = -^(v iW w* j ' k ' 1 ' - ^6{,v kq/m/ w* k ' l ' m '), 



(2.14) 



XJ , Y v 3 E SL(9, C), w i/fk , E V and v * i/j ' k \ w H ' j ' k ' E V*. If these relations are 

regarded as those of a real Lie algebra, then they define E 8 ( +8 y We write down the 
generators in adjoint representation of i?8(+8) i n the three-by-three block form 



adX 



adv = 



adf* = 



Y l ' ti' Y j> A 

















•yl'm'n' 






v i'j'k' 








1 r i' j' k' v' a' r' l' m' n f „. 
36v^ pqr 



l( v *j'l m ' n ' S l ' — L v *l'm'n' Sjj \ 
6 ^ z' 9 i' ' 



3( v *l'l3'k' S i'] _ l v *i'j'k' S l' ) 



j(»i'[mV^] - |fi'm'n'<5-/ ) 








I f -, .,,,,,,,/ , , v * p q r 

'id \/3 * J k p q r I in n u 



(2.15) 



with ee X/Sy'Sg + X/8%'8$ + XfSfSf. They map tensors (Yf , w Vmfn ,, 



w* ! ' m '"') to (y//, iuL, fc ,, w'« Vfe '). 



In view of the structure of the algebra, 56+28 = 84 A ijk and ip tj should fit somehow 
into 84 + 84 Vi>j> k i and v* l ' J ' k ' . To find the correct assignment, a useful hint is that 
ad(v + v*) must be a nilpotent matrix so that exp(ad(t> + v *)) becomes a polynomial. 
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The most natural candidate is the case that all Ai jk and (p^ correspond only to the 
elements associated with negative (or positive) roots. In this way a half of 84 + 84 
elements are selected. Moreover, it turns out that and v* tj9 k = 1, . . . , 8) can 
be taken as the elements corresponding to negative roots. In view of this nice index 
structure, we assume 

Vi'j'k' = ■^■i'j'k' — — 2v^<5[j/5j/5fc/]v4jjfc, 

v *i'fk' = = -2 v / 3-35f^"5 9 fe V', (2.16) 

where — 2\/3 is a normalization for later convenience. One may then verify that 
(ad(f + v *)) 5 = 0. Therefore exp(ad(t> + v*)) is a fourth-order polynomial of A V ji k i 
and (p' l ' j ' k ' . After some calculation we obtain 

exp(ad(f + v*)) 

exp(ad(f + v *))y,y exp(ad(t> + v *))y,w exp(ad(t> + v*))y, w * 
= exp(ad(f + v*)) Wj y exp(ad(w + v*)) WjW exp(ad(t> + v*)) WjW * , 
_ exp(ad(f + v*)) w * :Y exp(ad(v + v *)) w *, w exp(ad(w + v*)) w * )W * _ 

(2.17) 



exp(ad(f + v*))y,y 



1 



j'w'x'p'q'r'l'u'v' a a a , j'w'x' jp'q'r' l'u'v'\ 

t Sl-i'w'x'Sip'q'r'-tt-in'u'v' ~t~ cj' w > x ' p' q' r' m! u' V 'ty? r r J 



432^/3 

(pj pi (p luv {Aii v i q iA m i u i v i — AAii p i v iA m i u i q i), 



144 



(2.18) 



exp(ad(f + v*)) Y , 

If (/ J'Kn'/] _ l'm'n'\ _ 1 j'v'w'p'q'r'l'm'n' a a 

°V ) 432^ Ai'v'w'Ap'q'r' 

1 fl 



I ( A ,J'p'q'J'm'n' a ,J'p'[l' n m'n']q',(A , r>> q'V, n m' j'r' R n> \[l'm'n']\ 

36 \6 W - A i'p' q '(p jyi (f iq + (ApYr'iT V <V > J 

, 1 J'm'n'p'q'r's't'u' a a j_ A A \ A ,J' V ' W ' 

432y / 3 y^-tt-i'q'r'slp'v'w' "T ^-rt-i'v'p'-tt-q'r'w' J ^s't'u'Y j 



(2.19) 



exp(ad(f + v*))y,i 
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36 P ^ ^W^' m '™' ~~ fj'p'q'^i'p'll'^m'n'jq' 

1 



^j'v'w'p'q'r's't'u' A A A A 

432yo A Vv'w' -H-p' [m'ri ^I'jq'r'^s't'u' , 



exp(ad(v + w*)) W) y 

0/4 r/' 4 r/' \ ^ I'u'v' v' 'q V 

— 3(A m /[j/ fc /()j,] — -Aiiji k iO m ,) + ^^ e i'j'k' P 'q'r'm'u'v>P V 9 

11/// / / / 

+ 2^ P<? ^-m'p'q'M'j'k' + 3(f Pq A m i p /[i/Aj/ k i] q i) 

1 

I'v'w'p'q'r's't'u' a AAA 

t /\ m l V l W l /i„/ tjlf^l /Ij/lg/j,/ /± S /^/ n / , 



24v/3 



exp(ad(t> + 1>*)), 



1 /l 



72^3 



I'm'n'p'q'r's't'u' AAA 



exp(ad(v + 



exp(ad(v + t>*))™*,y 



(2.20) 



(2.21) 



J'm'n' 



(2.22) 



(2.23) 



+ 3(<//b" fc 'rf' 1 - -m i '^' k '^' 1 - 1 J'j'k'p'q'r'l'u'v' a a 

°m> gV 9 °m') Am'u'v'Atfq'r' 

^( ^A ,J'p'<l',J'f k '^1A ,J'p'[i',J'k']q' 0/ A ,jp'q'i' ,J'l'r' rfc' \[i'j'k']\ 

o 2 

1 J'j'k'p'q'r's't'u' ( 1 4 4 , 2 A A \a ,J' v ' w ' 

j—t [^Slm'q'r'Sip'v'w' ~r ^S±m'v'p' Siq'r'w' J ^-s't'u'Y 1 



24^/3 



exp(ad(f + v*)) t 



(2.24) 



J'j'k'p'q'r'"-'-' 



36^3 
exp(ad(f + v*)) 



I'm'n'A , I ( i'tf'k' i']mV _ * i'j'fc' J'm'nA 



(2.25) 



°V °m'°n> + 2 \2 /1 «'p'<?'°m' , VJ IV? A l' m' pf n' ) 9 A l'm'ri 



72^3 



i j'k p'q'r's't u A A A 

C A p'[m'n'^-l'}q'r'-^-s't'u'- 



(2.26) 



Here the bracket means that the indices inside are totally anti-symmetrized. We 
have employed the equations A i iji k '(p t '^' k ' = 0, A i iii rn iAji k i n iLp t ' J ' k ' = 0, etc. We further 
calculate exp(— ad(t> + v*)) •9 A1 exp(ad(f + v*)) to find 



exp(— ad(f + v*))dfj, exp(ad(t> + v*)) 



Y l 'r) j ' - Y j ' v 



l( w *flm'n' 6 n _ l w *l'm'n> 5 f 

xrl'm'n' 
I i'j'k' 



1 A' j'k'p'q'r'l'rn'n',, 
W3 6 "W^ 



■^Tj^ti'j'k'p'q'r'l'm'n'W 

_yi'fk' 
I'm'n' 



(2.27) 



with 



Wi'j'k' 
H'j'k' 



1296\/3 



I'v'w'p'q'r's't'u' a a p> a 

< ^i'v'w'-n-p'q'r'Uii-tt-s't'u' 



(2.28) 



All terms higher than fourth-order vanish. This is exactly what we want because the 
Lagrangian (|2.8| ) contains bilinear of cubic or lower-order terms only. Since a triple 



[Y// , Wiijik'jW* 1 3 } completely specifies an element of i?8(+8) m adjoint representation, 



we write 



(2.27) = ad[y/,«;^,^' fe ' 



(2.29) 



for simple notation. 

We will now construct the E 8 r +8 -\/ SO (16) nonlinear sigma-model Lagrangian. Let 
V be an element of the Lie group of E 8 (+s) defined by 



V = V_V 4 



(2.30) 
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with 



V 4 



v a 'v j ' 



V a V b V c 

v [i' v j' v k'} 



v [i 'v j 'v k ' ] 

V a' V b' V c> 



and 

V_ = exp(ad(t> + v*)). 
The invariant tangent vector field is 



V-%V = ad[Z a ?,w a , b , c ,, 



w 



where 



-e~ l d„e 



A ■ f) in Pq — in pq f) A ■ vwpqrstu A . f) A A 



W a 'b'c' — 



W 



*a'b'c' 



-6yfi5i f S!Spe- 1 e a i e b j (d lt 



,Jj ijpqrstuft a a \ 

jy^fiY gg e (J^^pqr^stu) 



(2.31) 
(2.32) 
(2.33) 

(2.34) 

(2.35) 
(2.36) 

(2.37) 



To construct a coset nonlinear sigma model, we introduce the symmetric space 
involution r such that for E S ( + s) = H(= 5*0(16)) © K, 



r(H) = +H, r(K) = -K. 



Defining the "symmetric matrix" 



M = V-r(V)-\ 



(2.38) 



(2.39) 



one finds 



TrduM'^M = -Tr (v _1 d M V - r(V _1 d M V)) . (2.40) 
Thus the H components of V^d^V are projected out. Since r acts on a triple as 



T( a d{Z/,w a , b , c ,,w* a ' b ' c ']) = a d[-Z/,w:, b , c „w a ' 



b'c' 



(2.41) 



we obtain 



Trd^M~ 1 d fl M 
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-Tr(ad[(Z + Z 1 )J , (w - w*) aW , (w* - w 

1 , 
9 



,a'fc'e'l\2 



60 ( (Z + Z T )«(Z + Z T ) h ? +-[w -W) aW {w - w 



*\a'b'c' 



2 l()C T " : """ f l -d^d v9%J - d, lne^lne - ^g^g^A^A^, 



p~ 2 n < n ,(ft trfi Jjp\qirisitiu\ * a A 



(f) , n kl klp 2 q2T2S2t2U2 a A A 

36 u V- rL p2q2T2- r> S2t2U2 , 



e^g'Hd^ + d p A ihh ^'< - A ihll d^"" 



+ 64 £ 



mimpiqmsitiui 



A- ft A A + 



JZ2I2 



■ (d u ^j + d v A jk2 i 2 ^ k2i2 - A ik2h d v ^ k 

T^t - n -im2ri2 U V- n -p2q2l'2- n -S2t2U2 l 



(2.42) 



This expression is identical (except for the factor 240) to the sigma-model part of 
(|2.8D. This completes the direct derivation of the E 8 / +8 ^/SO(16) nonlinear sigma 
model by dimensional reduction from eleven dimensions. 



2.2 Chevalley generators of E% 

For later convenience we write out the transformation formulas of the scalar fields 
corresponding to the Chevalley generators of E 8 , which satisfy the relations ( |1.2| )( |OD 
with the Cartan matrix 

2 -1 
-1 2 -1 
-1 2 -1 
-1 2 -1 

-1 2 -1 -1 
-1 2 -1 
-1 2 
-1 2 

Labeling the vertices as in Fig.|2], we denote the fcth SL(2,M) subalgebra by 
SL(2, M) n (n = 1, . . . , 8). They generate £?8(+8) as already remarked. Then SL(2, M) k 
(k — 1, ... ,7) act on V as (before compensating SO (16) gauge transformations) 6 

S ek V = ad[£ (fc) /,0,0]V, 



(2.43) 



3 In fact it is — 5 Xn that satisfy the algebra of x n (x — e, /, h) because [S x , S x <] — 5[ x ^ x ] 
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Figure 2: Dynkin diagram of E 8 . 



O 

i 



-O 

2 



o 

3 



-o- 

4 



o 
-o- 



-o- 

6 



-o 

7 



5 fk V = ad[Jfa/,0,0]V, 

<^V = ad[# (fc) /,0,0]V, (2.44) 

with 

= ^)/ = ^ +1 <t %)/ = «' - (2-45) 

whereas for SX(2,R) 8 , 

<5 e8 V = ad[0, 6^444], 0]V, 
5 /8 V = ad[0, 0, -Gv^W^jV, 

5, 8 V = ad[tf (8) /,0,0]V, (2.46) 



where 



H(g) = _ g(-^(l) + 2i?(2) + 3if( 3 ) + 4if( 4 ) + 5if( 5 ) + 3if( 6 ) 



+ H {7) -H {8) ), (2.47) 

r (8)i 



W = <M - ^9 ■ ( 2 - 48 ) 



Using the equation 

Vl 1 ^ + 5V+V; 1 = VI^V- (2.49) 

for 5V = XV, we may express these formulas as those for A i /j> k /,(p' l ' : >' k ' and V/ . The 
result is as follows: 

5 ek ^' k ' = -S^'SH,, (2.50) 
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8 fk <j'i' w = -Z<p h+1 VV$, (2.51) 

8h k Aiiji k i = 3(A k y k /5^ — Afe+ijj/fe/^j 1 " 1 ), 

<^ Y *' = -3(^'< ] _ ^'*'<U (2.52) 

<W' = - $ +1 <CiW 

(fc = 1,...,7), and 

8e 8 Ai>j>k' = ^VS5fJj, k ^, 

5 e ^' k ' = y ,j ' k ' 678pWr, A plqlrl , (2.53) 

W = (-^/ [78 <$ + I?', 

fifs-A-i'j'k' — —Q^i'j'k'678p'q'r'<^ P9r ^A'[78^-6]j'fe' ~ g , 

+ T ^e l '^ fc 'p' 5V ' s '''"'^ [78 A 6]gV ,A sru ,, (2.54) 

5 /8 y/ = - V3 (^'[78^ - ^^67 8 ) V/ 

— ^ ^AY[6^78]g' + ^A'[78^6]pV _ g A'pV^678^ V 9 ' P Q > 



Sh s Ai'j' k ' — 3Ai>[ji k iH( 8 y* , 

f (8)«' 



<W^' = (2.55) 



^8^" - #(8)/ • 

Since <5/ g makes ip l 'i' k ' deviate from the condition Lp l 'i' k ' = (i',j',k' 7^ 9), and 
consequently breaks the traceless condition for V-f , one needs a compensating local 
5*0(16) transformation. Such a transformation is given by 

4; omp) v = vy, 

Y = a d{0,w alblc ,,w a ' b ' c '}, 

w a > b , c > = 6V35 a/a 5v b 5 c > c eQe b 7 el. (2.56) 
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The relation 



v _ l5 (co m p) v _ + 5 (comp) v+v -l = V+FV; l (2.57) 



enables us to find 



r(comp) i 



r(comp) T/a ' 

°h v v 



-^-g^g^l^ 1 ' - ^(<5[6A 78]i , + if> [6 A 78]i ,5 l g) 

1 V^'. (2.58) 



_j_ _J_J'm'n'pqrs't'u' a a 
+ ^2" £ Ai'm'n'As't'u'gp&gqigrS 



Thus the total transformation 5^°^ = 8f s + ^ omp ' ) reads (taking the factor —2^/3 in 
eqs.( p.l6[) into account) 



^ijfc — — 3((7 i6 (7j 7 (7fc 8 ) [ 67S ] — -eijk678pqf P9 
+ 9{Ai7 8 AQjk){ijk}{678] ~ AijkA 67 s, 



stu 



-(6A P[78 ^5^ - A 678 ^) + ±-e imrstu A p[78 A 6]qr A stu , 



*£V = 6 (^ [78 e 6 f-^ 678 e 4 a ), 
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1 

9" 

4? ^ = 3 (9i6gj7gks) [678]^ k + 3A i[78 ^ 6] - — e jkpqrstu A ijk A stu g p6 g q7 g r8 

2 

-(4A ij[6 A 78]fc + A i[78 A 6]jfc - -A, jfc A 678 V fc . (2.59) 
We also write down 5 e8 on these fields: 



1 

12 

<L=e/ = 



X ,J3 - ij67Spqr A 



S^i = -3^ 78 6f-^ 67Sstu A ipq A stu . (2.60) 

As a final comment we note that 5f h , k = 1,...,7 break the upper-triangular 
gauge condition for Vft . In checking the Eg relations in the next section this is 
harmless since 5f k Vf is well-defined whether or not V-j~ is in upper-triangular form. 
In contrast, we have to compensate nonzero v? 678 as we did above because by definition 
one of i',f, k' must be 9 for ip 1 ' 3 ' k> and cannot be expressed in terms of ^p l K 
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3 Eg in two dimensions 



3.1 "Matzner-Misner's" 57,(2, R) 



In this subsection we will analyze the extra SL(2, M) symmetry that is newly present 
in two dimensions [} As it mixes third and fourth rows of the elfbein, it is not manifest 
in the dualized Lagrangian ( |2.8| ) in which the coordinates y and x 1 are differently 
treated. Hence we start with Cremmer- Julia's four- dimensional Lagrangian []|] and 
then reduce the dimension to two. 

The bosonic part of the four- dimensional Lagrangian obtained by dimensional 
reduction of the eleven-dimensional supergravity can be written in the form [|| 



a = £ (4) 



with 



i? (4) - l(l MNPQ m I j + j MIfP °ai J )Fl iN Ft Q + ^G^ MN d M TZ^d N n 

(3. 



-^MNPQ _ q(4)P[M q(4)N]Q -MNPQ _ lgr(4)-l MNPQ 
- ~ 2 



(3.2) 



n 



(3.3) 



m u, a>u are some symmetric functions of scalar fields. 1Z is a symmetric matrix given 
in terms of m and a as 

m + am~ x a am~ x 
m~ 1 a vrC x 

/, J are the internal indices labeling 28 abelian vector fields. M, N, . . . are the four- 
dimensional spacetime indices, which we split into (fx, m) with fx = t,x and m = y, x 1 . 
Assuming dm = 0, we get the two-dimensional Lagrangian 



eE& 



R {2) + & 2 ^ Q^fe^ mn + ^lne^lne) 



^ w Hmn pv pa 



\ pv fj/m v ) pa 



+2(G {2 ^ u g mn + 2G {2 ^ [u G {2)a]p B^B^)FL n Fl l ) 
+ e-\E^r 1 a IJ e^e^FL n Fl l 



48 



(3.4) 



7 The name "Matzner-Misner" appeared in ref. | 
central charge was presented. 



in which the first evidence for A^p including 
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where the vierbein is decomposed as 



E 



(4)A 
M 



E 



(2)3 





e— 



(3.5) 



(4)A 



The zweibein without tilde is reserved for the symbol used in the next section. E M 
is related to the four-by-four block of the elfbein by 



E 



(ll)A 
M 



a=l 
, e i=l . 



E 



(4)A 
M ■ 



(3.6) 



The Lagrangian C is manifestly invariant under the SL(2,M.) group transforma- 



tion 



F— 

fj,m 



QJ^F— 



(3.7) 



for G SL(2, R) group. This is a generalization of Matzner-Misner's SL(2, 
symmetry |19|, |20|, Q in general relativity. 



3.2 From Eg to E 9 

The Lagrangian C differs from L by some other Lagrange multiplier terms, but their 
equations of motion are equivalent if the duality relations are used 0. Hence the 
equations of motion of £ are also equivalent to those derived from C + ^Lag.mui. 
through the relations ( |2.9| ) and Q2.10I ). Thus the equations of motion of the eleven- 
dimensional supergravity possess SL(2, R) xE 8 (group) symmetry if they are reduced 
to two dimensions. We will show that the infinitesimal form of this SL(2, R) enlarges 
the symmetry algebra from Eg to Eg. 

Let SL(2, R)o be the infinitesimal form of (|3.7|) , generated by 



5 x e^ 



SxE 



8 X B- L 



We denote the generators for 

1 



X 







X—e- 
X-^F— 

m /in' 



{= F) and 



(3.8) 



(3.9) 
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by S eo , 5f and 5h , respectively. 

We first note that the action of SL(2, M)o is expressed in terms of eleven-dimensional 
fields as 



and 



In fact, if we define 







X 



v rp(U)& 

^(o)A ^ o 



fixA^op — 3(X, Q)p ar A d . 



(0)fi ^-avpJlflup]- 



(3.10) 
(3.11) 



t x y 1 



k {k + l) 



y v 



X 



the action of SL(2, M.) k (k — 1, . . . , 7) can also be written as 



u x k ^-pup 



y v 77.(11)0 
^(k)p ^ v ) 



(3.12) 



(3.13) 
(3.14) 



where x — e, f,h corresponding to X — E, F, H. Hence SL(2, M)o commutes with 
SL(2,R) k (k = 2,..., 7). It is also easy to see that SL(2,R) and SL(2,R) 1 do 
not commute but generate SL(3,R). As we already remarked, ( |3.13j ) is well-defined 
irrespective of the decomposition of E^ 11 ^ or whether or not E^" or e" 1 is in upper- 
triangular form. Thus the matter is reduced to a trival algebra of matrices. If the set 
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{— 6 eo , —5f , — 5h } is regarded as a part of the Chevalley generators, the corresponding 
elements of the "extended Cartan matrix" are 

K ok = K k0 = 2S kfi - 6 k ,i (k = 0,...,7). (3.15) 

Next consider the relation between SX(2, R) and SX(2,R) 8 . ^-charges of the 
scalar fields in three dimensions can be read off from ( |2.55|) . Let q(i) be a function 
defined by 

2 i = 1, . . . , 5, 
q(i) = { ' (3.16) 



3 i = 6,7,8, 



then <5h 8 -charges q$ are 



g 8 (0 = q{i), 
q 8 (A jk ) = q{i)+q{j)+q{k), (3.17) 

q^ ij ) = g-g(«)-90')- 

-E^ a is of course <^ 8 -neutral. Using the duality relation, 5 feg -charges of E^ y a and 
A y j k turn out to be 

qs(E^l a ) = -\ (3.18) 

and 

qs{A yjk ) = -- + q{i) + q{j), (3.19) 

which are equal to q(e^) and q(Aij k ), respectively. Thus SL(2,R) Q does not change 
<^ 8 -charge. 

Similarly, (^-charges go of the eleven-dimensional fields are 

%(E (1 T) = +61 - 51, q (A^) = (51 + 51 + 51) - (tfj + 5\ + (3.20) 

The duality relations translate these equations into those in terms the three- dimen- 
sional fields as follows: 



?o(0 = -51 

qo(ipi) = -1 - 5], 

q Q {A ijk ) = -(Sl + 5j + 5i), (3.21) 

q (<pv) = -1 + 61 + 6], 

q (E(% a ) = -1 + 51. 
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In view of ( p. 53|) ( p754|) , we also find that SL(2, R)s does not change ^-charge. 



3.3 Serre relation 

What remains to check is the Serre relation between SL(2,M.) and SL(2,M.) 8 . Since 
5f gives rise to a non-zero E^ ll \ a element, one needs a local Lorentz transformation 
^/o° mP ^ ^° res t° re the "block- upper-triangular" form of the elfbein (|2.5|) . Including 
this contribution, the total variation 8f° = Sf + (5^ omp ) i s given as 

5^E%" = 2B^E^, 
$f Q ^Aijk = 38^Ajk] y , 

x( tot )/1 . _ Si A 

4o Dt) Vp = 0. (3.22) 
The rule of S eo is much simpler: 

8 eo E®« = 5^ = 5 eo A ljk = 0, 

X p> i — xyxi 

3e A^i = 25r 

(Jeo V P = 35f M ^ p]1 . (3.23) 

To prove that the symmetry algebra is Eg one needs to show [5 eo , 6 eg ] = [5f , 5f 8 ] = 
on all the fields that appear in the theory. What makes the situation difficult is the 
fact that SL(2,M.)s is originally defined as a variation on the three-dimensional dual- 
ized fields (p l: * and ipi while SL(2, M)o naturally acts on the eleven- dimensional fields, 
or "un-dualized fields" A' ■ ■ and Thus all one can do is to verify the commutator 

[11] fl •! 

to vanish only on their derivatives using the eqs. ( |2.9| ) ( P-10| ) . Since there appear 
only the field strengths in the original Lagrangian, the gauge potentials A' ^ and B 1 
themselves do not affect physics classically, but they can quantum mechanically. We 
will restrict ourselves to the classical aspect of Eg in this paper. 
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Let us examine [Sff, 8%% It is easy to find that [5^, Sffief = [Sff, S^B^ 



if and only if 



S^B; = 6A' y[78 Sl } , 



5% ot) B^ = 0. (3.24) 
They are consistent with the equation 

6ff B k u = GF'^Xy (3.25) 

which is derived from and (^10|). Then [5^, 5^ ot) ]E^ = follows. 

Since 5^°^ Sj 1 "^ contains a term — \eij k ^j 8vq b^°^ ^P q , we calculate the commu- 
tator on d^Aijk as we noted above. Useful formulas are 

+ ^E^- l e-h^e i ^ rstu d p A stu g p6 g q7 g r8 , (3.26) 

<^ tot) (£ (3) e 2 F (3)Ayii ) = E {3) e 2 2F' m jf g i]1 + B 1 F® p,yij + (2B y j F^^ 11 )^ 

-e- 2 g tk g^g lm d^A klm ] , (3.27) 

where F"^ upi = F^pi — ?>B^F vp \ ki + 3B J ^B k F p y ki is the Kaluza-Klein invariant non- 
dynamical three-form field strength, which was ignored in the three-dimensional re- 
duced Lagrangian (|2.2|). Using these equations, one finds 



[C> = -l^li^^^^V 11 - (3-28) 

Thus the commutator can be consistently set to zero. 

(3) 

The commutator on F^J^ is the most complicated but can be done straightfor- 
wardly. In practice much labor can be saved if one calculates [5 { ^\ 5 { ^\E^e 2 F^^) 
and uses the above formulas. It is worth noting that F^^^ = B^ u = since d y = 
for any field in rhs of the duality relations ( |2.9|)(|2.10|) . In fact, this is a part of Geroch's 
compatibility condition considered in the next subsection. After some calculation one 
may confirm that [<5/* ot \ 8^° ](E^e 2 F^' lyi: ') vanishes up to terms proportional to 
F" .. 

Let us now turn to the examination of [5 eo , S ea \. This vanishes on E^ 3 ^, and 
Aijk trivially. It is also easy to see that 5 eo B^ u = S^F^ 3 '^ = 0, so that 

6 eo <p i * = t», 

5 eo {d^ l ) = -c ik A ijk + d h (3.29) 
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Figure 3: Dynkin diagram of Eg. 



O 



O O O O O O O O 

01234567 



where c y , di are constants. Thus [6 eo , 5 eg ] vanishes also on d^ip^ and d p ipi. (One may 
even check that it vanishes on ip 1 ^, and does on ipi provided that c 67 = c 78 = c 86 = 0.) 

Finally let us consider the non-dynamical fields (three- and four- form field strengths). 
One might worry that the SL(2,M.)o may give rise to a dynamical field out of non- 
dynamical one, so that the latter may not be consistently ignored. Since 5% ot) ef- 
fectively replaces i, j, . . . indices with y, only 5 eo is dangerous. Happily, the Kaluza- 
Klein invariant combinations A'^ ui = A puk - IB^A^ + B [p ]B^A ijk and A^ vp = 
A^ U p - W [p k A^ k + W^B p k Ap] jk - B^BjBfiAijk are <5 eo -invariant, and so are the 
bilinear of F^ pk (= 3d [lM A' up]k - 3B{ pu A> p]jk ) and Ad [p A' up(r] - 6B{ pu A> p(7]k omitted in the 
Lagrangian (|2.2j ). Hence 6 eo commutes with S e8 on these fields. This completes the 
proof of the commutativity of SL(2,M.) and SX(2,M) 8 and allows us to define 

K 08 = K 80 = 0. (3.30) 

(pT5l) and (|3"30|) extend the Cartan matrix (g"43|) to that of E 9 (Fig.|). 



3.4 Compatibility of the symmetry with the Killing vector 
fields 

Let us conclude this section with a remark on Geroch's condition concerning the 



compatibility of the symmetry with the Killing vector fields |14|]. We have shown 
in this section that the new Killing vector field d y gives rise to an extra symmetry 
SX(2, R)o which together with the E 8 forms the Eg commutation relations. For this 
i?9 to be really a symmetry of the reduced system, any Killing vector field assumed 
to exist must be mapped to another Killing vector field again by any action of the 
symmetry for consistency. In other word all the new fields after the transformation 
must be again independent of y or x" 1 , i — 1, . . . , 8. This is a trivial requirement if 
the infinitesimal transformation is given in terms of a function of eleven- dimensional 
fields only, but, if the variation includes dualized fields, it gives the constraints d y ipk = 
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dyip l i = 0, which imply 

Bf = 0, F' Wij = 0. (3.31) 

Since the coordinates y and x l , i = 1, . . . , 8 are now on the same footing, one may also 
take y and seven of eight x % as the coordinates of an eight-torus, dualize the three- 
dimensional vectors and impose the independence of the remaining last one that 
was not taken as the coordinate of the eight-torus. One would then obtain similar 
conditions on the vector fields which may also have y index. But the conditions 
( |3.31|) are based on a specific splitting of the three-dimensional space and do not 



allow a simple replacement of indices. To derive the fully y-x 1 symmetric conditions 
we rewrite ( |3.31| ) into equivalent expressions 

t/ioAi-A8!>/3S(o)S(i) ' ' ?(8) v — u > 

e Ao£i---£8£p£(o )£fi) ' ' '^(8)^)^(3)^^^^^ = 0' (3.32) 



where Ca) — &i an d 6(0) — &y are the Killing vector fields assumed to exist. They are 
manifestly y-x % symmetric if one allows i to take and regards x° as y. With this 
extension (|3.32j ) obviously generalize Geroch's compatibility condition derived in four- 
dimensional pure gravity |TJ[ and we assume them to hold for consistency. Note that 



the first set of equations are satisfied if all the Killing vector fields are hypersurface- 
orthogonal, while the second impose some conditions on the field strength of A^j and 

A, 



4 E10 in one dimension 

4.1 Null Killing vector in two dimensions 

So far we have discussed the Eg symmetry in two dimensions. We would now like to 
study the enlargement of the symmetry to E 10 . We first describe a special feature of 



dimensional reduction from two to one dimension [|15 
We parameterize the dreibein as 



a 



p a t* 
P 



(4.1) 



where /1 = fi,y and fi = +, — (They are dotted in order to distinguish them from 
Lorentz indices.) are three- and two- dimensional curved indices, whereas a = a, 2 
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and a = +, — are corresponding Lorentz indices, respectively. (We switch the nota- 
tion from t, x to +, — .) Conventions for the flat metrics are 



„(3) 



(2) 



(2) 



(4.2) 



Introducing the ninth Killing vector d y , the three-dimensional nonlinear sigma model 



is then reduced to 



C = pE<®(R® - l -p 2 H w H^ + -i-Tr^- 1 ^), 



(4.3) 



(4.4) 



where = dpAu — dpA-p. ( [4.4|) is on-shell equivalent to (|3[ 

Next we take as the tenth Killing vector. The duality relation ( [2.10|) then 
becomes 



B\, 

Bi 







d + B l 



E (3) e -2 G (3) ++ ^- ( ^. + ... 

- E {3) e- 2 G {3) -+g ij (d^ J + 



(4.5) 
(4.6) 
(4.7) 



The precise form of the terms represented by dots can be found in ( |2 . 1 0| ) . Suppose 
that G^ ++ 7^ 0. These equations require that B l L and B l y are constants, and ipi, y? u 
and Aijk are constrained by some relations before equations of motion are imposed. 
Then there is no degree of freedom for the dual field ipi to carry. The duality relation 
ceases to relate the fields dual with each other and falls into trivial. A similar thing 
is true for the relation ( j2.9|) . Therefore, one needs to take the Killing vector di_ to be 



null-like if one wants to have non-trivial duality relations [|15 



We adopt the following parameterization for the zweibein [21, 22, 23]: 



(4.8) 



fi^ and /i+ are the Lorentzian analogue of Beltrami differentials. That is, for given 
/i^ and /i^, the line element 



ds 2 = e^e^(dx + + p^_dx ){dx + p^dx' 1 



(4.9) 
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can be cast into the form 2Xdudv for some conformal factor A and for some u, v such 
that 

fit = ^— , A*+ = ^— • ( 4 -!0) 



<9+m ' + <9j_t> 

Hence //+ and p^ parameterize the "conformal structure" of two-dimensional Lorentzian 
metrics. Note that they are real and independent each other. 

The condition G^ ++ = implies that fit vanishes. The reduced Lagrangian 
reads 



C = E^- 1 {-2d + pd + {fitelel) + -p\d + A: 

1 2u+ 
+ 7T77TP: — ^-^{M^d+M) 2 . 



(4.11) 



240 r 1 _ //;// 

fit is set to be zero after deriving the equations of motion. The independent ones are 

<■< < } ~ + ^^(M^Mf = ( 4 - 12 ) 

and 



d+Ai_ = 0. 
4.2 New SL(2,R) symmetry 



(4.13) 



We will now describe a new SL(2,M.) symmetry in one dimension. This SL(2,M) is 
defined to act on the second and third rows of the elfbein. For E^ a in the decompo- 
sition Q2.5| ) it only affects the lower-right two-by-two part (before compensating gauge 
transformations), e" is left unchanged. Denoting the infinitesimal transformations 
corresponding to the Chevalley generators by {— 5 e _ 1 , — 5/_ 13 — Sh-i}, the first and the 
last are given by 



5 P 

while the multiplication of 



" e ■ pAi_ ' 




1 " 




" e ■ pAi_ ' 




"0 p' 


p 









p 












(4.14) 
(4.15) 

does not preserve the upper-triangular gauge, so 



" e ■ pAi_ ' 




' 1 




" e- pAi_ ' 




' e ■ pAi_ ' 


p 




-1 




p 




-p 



a suitable compensating gauge tranfomation is needed for Sf_ x 





S 



f- 







P 




1 












P 
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Table 1: SX(2, transformations. 





5 e _i 






< 


















e~ L 




-A^el 









- A -\ 




P + 





1 





-A+A 




-A 2 


P 

e a 






~P 





p^ 

































+ 



o o 



P^M 
P 





' 





1 " 


■ P^eZ 
















-1 












-t^A^ p 1 e+e : 
-elAi_ 
pA L 



(4.16) 



These equations determine the transformation law of the components of the dreibein. 
We also define that the three-dimensional sigma- model scalars are invariant. These 
new SL(2, M) transformations are summarized in Table |l[ Note that /i+ is kept 
unchanged under these transformations, which is consistent with our assumption. It 
is easy to see that the variations of the equations of motion Q4.12|) (|4. 13 ) vanish if they 
are used themselves. Hence this 5L(2,R) is a symmetry. 

For the fields "before the dualization" B % and A^j, the transformaions are defined 



as 



Bl, 



0, 6 h _ x Bl 



-- B\ 
-B, 



>r S f-i B l 



= 0, 
B l . 



5 e _ x B\ 



S h _,B] 



Sf-iB) 



0. 



and 



A_ 



-jki 



-jk 



fie- 1 A y jk 



0, 5h_ 1 A y jk — — 
5h_ 1 A+j k 



= 8f_ x A+ jk = 



A_ 



(4.17) 
(4.18) 
(4.19) 

(4.20) 
(4.21) 
(4.22) 
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The Killing vector <9_i gives arise to additional Geroch compatibility conditions 
B^ v = F' +y ^ = 0. They are similarly expressed in the form (|3.32| ) with one of 
0, . . . , 8 being replaced by —1, where = d^. 

4.3 Non-trivial realization of the new SX(2,R) 

In the previous subsection we saw an extra SX(2,R) symmetry in one dimension 
with keeping the degrees of freedom of Beltrami differentials. In this subsection we 
show that this transformation certainly enlarges the symmetry which already exists 
in higher dimensions. For this purpose we further compactify the x + direction on 
a circle and verify that the new SL(2, R) includes transformations that change the 
conformal structure of the x~)-torus. The transformation formula obtained in 
the last subsection shows that does change under 8f_^. We will show that this 
variation cannot be generated by a reparameterization. 

Before and after the action of the Killing vector di_ is preserved. Such 
diffeomorphisms are caused by the vector fields of the form 

Y = e+(x+)<9 + + e-(x+)d^, (4.23) 

where e ± (x + ) is periodic functions of x + only. 

A variation of a differential form under a diffeomorphism is given by its Lie deriva- 
tive, that is 



L Y EL 2)a = e^4 2)a + Ef a d^ 

where we used d^E^ a = d^e^ = 0. Since 

L Y Ef~ = ^LyEf- + E^'LyhT, ( 4 ' 25 ) 
the Lie derivative of //7_ reads 

Ly/i^a+^ + r). (4.26) 
Thus the change of //7_ under the diffeomorphism is a total derivative, and in particular 

rfx+Ly/iT = o. (4.27) 

period 



e + d + E^ + E^d + e»5+, (4.24) 
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On the other hand, one can obviously take and fx, such that they satisfy f\ 



f dx~^(A+ — ff^A^.) 7^ 0. 

J period 



(4.28) 



Hence 8f_ x fil, cannot be generated by any diffeomorphism. This proves that the new 
SL(2, M.) is indeed an enlargement of the symmetry because all the rest do not affect 
the conformal structure of the (x + , x~)-torus. 



4.4 From Eg to E\q 

We will now focus on the question of the E w symmetry. Since SL(2, 
constructed that it acts on the eleven-dimensional fields as 



(ii)a 



y 7-.(ll)A 



X A~~~ 



(x = e,f,h and X = E,F,H defined by Q), with 



_1 IS so 

(4.29) 
(4.30) 



y i 



X, 



X 



o 



(4.31) 



it commutes with SL(2,M.)k (k = 1, . . . , 7) and generates SL(3, M) with SL(2, R)q. 
It is also obvious that SL(2, K.)_i and SL(2, K.)s commute. Thus, regarding {— 5 e _ 1 , 
—Sf_n — as a new set of the Chevalley generators, one may extend the Cartan 
matrix as 

K_ x 3 = Kj _! = 2^_! - <S ij0 (4.32) 

(J = —1, 0, 1, . . . , 8), giving the Cartan matrix of E w . This completes the proof of 

the main assertion of this paper. 

Finally we would like to emphasize that the greatest difficulty in establishing 

the E\o symmetry was (apart from the issue of non-trivial realization), after all, the 

check of the commutativity of SX(2,R)o and SL(2,M.)$ in the previous section, and 

8 Being on a torus, the constant mode of cannot be gauged away by the Kaluza-Klein gauge 
transformation. 
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once we proved Eg, it was rather easy to confirm E\q. This was because SX(2,lR)_i 
manifestly commutes with the Eg and hence one has only to examine the relation 
with SL(2, IR)o to show that they generate SL(3, M). Realized linearly, the latter was 
shown as a consequence of a trivial algebra of matrices. 

5 Conclusions 

We have considered dimensional reduction of the eleven-dimensional supergravity to 
three, two and one dimension(s). We derived the three-dimensional E 8 ( +8 \/SO(16) 
nonlinear sigma model by direct dimensional reduction from eleven dimensions. Freuden- 
thal's classical construction of Eg turned out to reflect its "supergravity structure" 
very clearly. In two dimensions we found a Matzner-Misner-type SX(2,R) symme- 
try. The transformation rules corresponding to the Chevalley generators of Eg were 
explicitly written down. We gave a complete check of the generating relations of Eg 
on all the fields including the field strengths of U(l) gauge fields, but the gauge po- 
tentials. This provides a proof of the Eg (".E^+g)") hidden symmetry of the bosonic 
part of the eleven-dimensional supergravity upon reduction to two dimensions. The 
generalized Geroch compatibility (hypersurface-orthogonality) condition was derived. 
The check on the gauge potentials is basically impossible in our scheme since the du- 
ality relations are only defined for their field strengths. Therefore our proof holds 
only classically. It is naturally expected that in the full quantum M theory only its 
discrete subgroup of Eg should survive as an exact symmetry. 

Upon further reduction to one dimension we found a new SL(2, K) symmetry, the 
transformation rule of which is defined similarly to that of [[n| found in D = 4 pure 
gravity. We had to take the Killing vector to be null so as for the duality relations 
to be non-trivial. Consequently, this SX(2,R) acts on the space of certain plane 
wave solutions propagating at the speed of light. The Eg being established in two 
dimensions, it was not difficult to see that the full symmetry algebra is a real form of 
Eiq. To show that this SL(2, M) cannot be expressed in terms of the old Eg but truly 
enlarges the symmetry, we compactified the final two dimensions on a two-torus and 
confirmed that it changes the conformal structure of this two-torus. 

There remain many things to be done for a better understanding of the E w sym- 
metry. We conclude this paper by listing some of them: 

(i) It is a bit awkward to compactify the final two dimensions because this means that 
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all the dimensions are compactified in typell string theory. As already mentioned in 
the introduction, a symmetry truly larger than Eg could be realized on the fields of 
three-form origin without compactifying the last dimension. 

(ii) One is tempted to think that E w , which is a consequence of a null reduction, 
might be related to Matrix theory |24] proposed as a description of M theory in infi- 
nite momentum frame. A deeper understanding of null reduction | 16| , |25|| is desirable. 

(iii) U duality of typell string and M theory below three dimensions must be inves- 
tigated. 

(iv) Obviously, fermions must also be included. 
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